Abstract. We define two finite q-analogs of certain multiple harmonic series with an arbitrary number of free parameters, and prove identities for these q-analogs, expressing them in terms of multiply nested sums involving the Gaussian binomial coefficients. Special cases of these identities-for example, with all parameters equal to 1-have occurred in the literature. The special case with only one parameter reduces to an identity for the divisor generating function, which has received some attention in connection with problems in sorting theory.
Introduction
One of the main results in [11] is the identity (1 − q j ) which arise in sorting: U n (1/2) is the average number of exchanges required to insert a new element into a heap-ordered binary tree with 2 n − 1 elements [10] . Andrews and Uchimura [2] later proved the finite analog
of (1.1) by differentiating the q-Chu-Vandermonde sum. Here,
is the (Gaussian) q-binomial coefficient, which vanishes by convention unless 0 ≤ k ≤ n. Subsequently, Dilcher [6] proved the generalization
of (1.2) by a double induction on n and m, and noted that (1.4) can be viewed as a q-analog of the identity
involving a finite multiple harmonic sum with unit exponents. In this paper, we provide a generalization of (1.4) that gives a q-analog of (1.5) with arbitrary positive integer exponents on the k j . We also give a q-analog of (1.5) in which the inequalities on the indices are strict.
Main Result
Henceforth, we assume q is real and 0 < q < 1. The q-analog of a non-negative integer n is
Definition 1. Let n, m and s 1 , s 2 , . . . , s m be non-negative integers. Define the multiply nested sums It will be convenient to make occasional use of the abbreviations Cat 
Example 1. Putting r = 2, a 1 = 3, b 1 = 2, a 2 = 1, b 2 = 1 in Theorem 1 gives the identity
Additional consequences of Theorem 1 will be explored in the next section.
Special Cases
For real x and y, we depart from convention and borrow the suggestive notation of [8] for the q-analog of (x + y) n :
It is easily seen that the q-binomial coefficient (1.3) has the alternative representation
from which follows the well-known limiting results
Notation for limiting cases of the sums in Definition 1 are as follows.
Definition 2.
With this notation, the following consequences of Theorem 1 are immediate.
Corollary 1. Let n, r and a 1 , b 1 , . . . , a r , b r be positive integers. Then
Another consequence of Theorem 1 can be viewed as a type of duality result. Among other things, it also implies (1.4).
Corollary 2. Let n, a and b be positive integers. Then
Proof. Put r = 1 in Theorem 1.
Remark 1. If we put b = 1 and a = m in (3.1), we find that
which is (1.4). As we shall see, A n [0] = 1 is an easy consequence of the q-binomial theorem. Since we have defined Z n [ ] = 1, it follows that (3.2) also holds when m = 0. Concerning the equivalent equation (1.4), this point was also noted by Dilcher [6] . 
with respective limiting cases
(1 − q)
Proof of Theorem 1
By induction, it suffices to establish the two recurrence relations for A n stated in Propositions 1 and 2 below, along with the base cases A n [ ] = A n [0] = 1 for 0 < n ∈ Z. Proposition 1. Let n, m, and s 1 , s 2 , . . . , s m be positive integers. Then
Proposition 2. Let n, m, and s 2 , s 3 , . . . , s m be positive integers. Then
The base case A n [ ] = 1 for n > 0 is true by definition. As alluded to previously, the other base case is an easy consequence of the q-binomial theorem [1, 7, 8] Thus, it remains only to prove Propositions 1 and 2.
We shall make use of the (equivalent by symmetry) q-Pascal recurrences [8] 
and the following elementary summation formula.
Lemma 1. Let k and n be positive integers with k ≤ n. Then
Proof. Write the first q-Pascal recurrence (4.2) in the form
multiply through by q k , and sum on r.
It will be helpful to introduce some further notation. 
Proof of Proposition 1. By Lemma 1, we have
Proof of Proposition 2. By the second q-Pascal recurrence (4.2), we have
The following consequence of Proposition 2 may be worth noting.
Corollary 3. Let n be a positive integer, and let m be a non-negative integer. Then
q , or equivalently,
−m q .
Multiple Harmonic q-Series With Strict Inequalities
Much of the recent literature concerning multiple harmonic series has focused on sums of the form
and various multiple polylogarithmic extensions [3, 4, 5] . Thus, it may be of interest to consider finite q-analogs of (5.1) akin to (2.1), but in which the inequalities are strict as opposed to weak.
Definition 5. Let n, m and s 1 , s 2 , . . . , s m be non-negative integers. Define 
, and
, where t is obtained from s by replacing any number of commas by plus signs. Despite this relationship, the presence of strict inequalities in Definition 5 does appear to complicate matters insofar as there is no simple analog of Theorem 1 relating Z > n to A > n . Nevertheless, there are recurrences for A > n analogous to the recurrences satisfied by A n . Arguing as in section 4, we find that
. As a consequence, one can establish (using induction as in the proof of Corollary 3) the following result.
Theorem 2. Let m and n be non-negative integers.
Corollary 4. Let m be a positive integer. Then
Proof. Let n → ∞ in Theorem 2. Proof. Let q → 1 in Theorem 2.
One can also prove Theorem 2 by differentiating the q-Chu-Vandermonde summation as in the Andrews-Uchimura [2] proof of (1.2).
Alternative Proof of Theorem 2. Let x be real, x = 1. Write the q-Chu-Vandermonde sum [7, 9] in the form Finally, multiply both sides by (1 − q) m to complete the proof.
